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The defect interaction and reinforcement of imperfect two-dimensional lattice materials are studied by
theoretical investigations and ﬁnite element (FE) simulations. An analytical model is proposed to predict
the interaction of two defects in lattice materials based on a single defect model. An interaction coefﬁ-
cient is introduced to characterize the degree of interaction. The effects of defect type and defect distance
on interaction coefﬁcients are studied. The critical interaction distance of defects, beyond which the
interaction of two defects can be neglected, is derived. FE calculations are performed to validate the the-
oretical model. The simulated results indicate that increasing the number of defects can reduce the stress
concentration rather than weakening the strength of the residual parts in certain circumstances. Subse-
quently, several reinforcement methods are proposed to reduce the stress concentration in the triangular
and Kagome lattice for the single-bar-missing defect and single-joint-missing defect. An analytical model
is developed for the reinforced lattices, and the predicted stress concentration factors are in good agree-
ment with those of FE simulations. By theoretical studies and FE simulations, optimal reinforcement
methods are derived for the triangular and Kagome lattice under planar loading conditions.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Lattice materials have been widely used in numerous engineer-
ing ﬁelds such as spaceﬂight, aviation and navigation, because of
their superior mechanical properties and multifunctionality (Evans
et al., 1998; Deshpande et al., 2001; Wadley, 2006) on load efﬁ-
ciency, impact or blast resistance, heat dissipation and energy
absorption (Gu et al., 2001; Fleck and Deshpande, 2004; Xue and
Hutchinson, 2004; Qiu et al., 2005).
The macroscopic mechanical performance, for example effec-
tive stiffness, strength and yielding surfaces, of ideal lattice mate-
rials have been investigated systematically (Silva et al., 1995;
Hayes et al., 2004;Wang and McDowell, 2004, 2005). Various types
of defects, such as non-periodic microstructure, missing bars, sto-
chastic dispersion of nodes, bar waviness, are originated in manu-
facture or practical applications. The unexpected defects result in
crucial inﬂuence on the mechanical properties of lattice materials
(Silva and Gibson, 1997; Simone and Gibson, 1998; Zhu et al.,
2001; Wang and McDowell, 2003; Li et al., 2005; Symons and
Fleck, 2008; Ajdari et al., 2008). In reality, defects of lattice materi-
als seldom emerge in a single pattern, thus the interaction ofll rights reserved.
ineering Mechanics, Tsinghua
772923.
il.tsinghua.edu.cn (D. Fang).defects must be investigated. Chen and Ozaki (2009) proposed an
approximate method for the tensile and bending stress concentra-
tions in the hexagonal honeycomb including a single defect, and
calculated the interaction between two defects. However, the tri-
angular and Kagome lattice, which possess better mechanical per-
formance, have not been investigated. In practical applications,
imperfect lattices are usually reinforced to reduce the stress con-
centration induced by defects. Huybrechts and Tsaib (1996) made
some researches on repairs of a single-joint-missing defect in the
triangular lattice. Most of the previous investigations are per-
formed by FE methods, while necessary theoretical investigations
remain absent. The lack of periodicity induced by defects brings
signiﬁcant difﬁculties in achieving analytical solutions for imper-
fect lattice materials. Nevertheless, Cui et al (2010) developed an
equivalent model to calculate the speciﬁc stress ﬁelds of the trian-
gular and Kagome lattice with a single-bar defect analytically,
using the principle of superposition and a stripe method. Based
on their model, interaction and reinforcement of defects are inves-
tigated for the triangular and Kagome lattice in the present study.
Besides the analytical model, an interaction coefﬁcient is pro-
posed to characterize the degree of defect interaction, and the crit-
ical interaction distance is derived for the triangular and Kagome
lattice. FE simulations are performed to validate the theoretical
predictions. The effects of defect types and defect distances on
interaction coefﬁcients are studied ﬁrstly. Subsequently, several
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tration induced by the single-bar-missing defect or single-joint-
missing defect in both lattices. Both theoretical investigations
and FE simulations are performed to calculate the reduced stress
concentration factors. The predicted stress concentration factors
agree well with those of the FE simulations. Optimal reinforcement
methods are obtained for different loading conditions, and the in-
duced stress concentrations are effectively reduced.
2. Interaction between defects of lattice materials
Interaction of defects is inevitable in lattice materials if simulta-
neously multiple defects occur. The basic case, i.e. interaction be-
tween two defects, is investigated in this section. FE simulations
are then performed to validate the analytical predictions.
2.1. Equivalent model
Cui et al (2010) developed an analytical equivalent model to
calculate the speciﬁc stress ﬁelds of the triangular and Kagome lat-
tice with a single-bar defect. However, due to the interaction be-
tween the two defects, their model cannot be simply adopted to
analyze the lattice with two adjacent defects by directly superpos-
ing two individual defect solutions. Consequently, an interaction
coefﬁcient of defects is proposed to capture this interaction.
2.1.1. Equivalent model for the lattice with a single-bar defect
The equivalent model for the triangular and Kagome lattice
with a single-bar defect is brieﬂy presented in this section, and
detailed description and analysis can be found in Cui et al.
(2010). The triangular lattice with one defect under combined
in-plane loads and its equivalent model are shown in Fig. 1 (the
one for the Kagome lattice is similar and hence not repeated). A
perfect lattice is proposed to be an equivalent model by imposing
a pair of concentrated forces F at the end of the perfect bar (see
Fig. 1(d)), which is at the corresponding position of the defective''F
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Fig. 1. The triangular lattice with a single-bar defect under combined in-plane stress and
(d) equivalent model; (e) substitution bar; (f) residual structure of equivalent model. (Cbar (see Fig. 1(a)). Load and displacement compatibility must be
satisﬁed to ensure that these two models are equivalent. (1) Load
compatibility requires the residual parts of both lattices, as
sketched in Fig. 1(c) and Fig. 1(f), have identical stress states. Thus,
F’  F = F’’, where the axial force F’ in the substitute bar depends on
the uniform external loads and the equivalent force F and the axial
force in the defective bar F’’. (2) Displacement compatibility re-
quires the substituted bar has identical strain as the defective
bar, as sketched in Fig. 1(b) and Fig. 1(e) for the triangular lattice.
Thus, F 00 ¼ aF 0, where a = EiAi/EA denotes the effective stiffness ra-
tio of the defective bar to the perfect one. Four different types of
imperfection can be classiﬁed according to the magnitude of a, as
listed in Table 1. According to the equivalent conditions, the rela-
tion between equivalent force F and axial force F’ in the substitute
bar is obtained, i.e.
F ¼ ð1 aÞF 0: ð1Þ
The equivalent model can be regarded as the superposition of
two sub-problems, i.e., a perfect lattice under uniform loads and
another perfect lattice subjected to a couple of concentrated loads
at the ends of the horizontal bar substituting the imperfect one.
The unit cell method (Gibson and Ashby, 1997), which is mostly
adopted, is employed to solve the ﬁrst problem. The second sub-
problem, which is more difﬁcult to solve due to the destroyed peri-
odicity of lattice structures, is settled by an approximate stripe
method (Cui et al., 2010). The stripe method is developed based
on the results of FE simulations, which are shown in Fig. 2. It can
be seen that the deformations of the triangular and Kagome lattice
are concentrated in a long narrow stripe parallel to the substitution
bar, under a pair of concentrated forces. Therefore, the bars outside
the stripe can be regarded as a stress-free state. Based on this
assumption, the stripe model for the triangular lattice can be
established, as shown in Fig. 3, where a ¼ ð
ﬃﬃﬃ
5
p
 1Þ=2 is the
distribution coefﬁcient (For the Kagome lattice, the distribution
coefﬁcient of the axial force, shear force and bending moment
are aN ¼ 2
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its equivalent model: (a) defective lattice; (b) defective bar; (c) residual structure;
ui et al., 2010)
Table 1
Imperfection classiﬁcation according to a.
a 0 0 < a < 1 1 1 < a <1 1
Imperfection type Bar-missing defect Weak defect Perfect Strong defect Rigid inclusion
(a)
(b)
(c)
Fig. 3. (a) the stripe model for the triangular lattice, (b) force analysis in each unit, (c) force analysis in the horizontal bars and the inclined bars, respectively. i = 2, 3, . . . (Cui
et al., 2010).
Fig. 2. The deformation modes of the two lattices under a pair of concentrated forces at the end of a horizontal bar (shown dashed): (a) The triangular lattice. (b) The Kagome
lattice. The deformation is magniﬁed for clarity.
1910 K. Zhu et al. / International Journal of Solids and Structures 49 (2012) 1908–1917the force contributed by the residual structure. The details of the
stripe method, which can be found in the previous study of Cui
et al. (2010), are not presented here.
2.1.2. Equivalent model for the lattice with two single-bar defects
For convenience, the situation of two single-bar defects on a
straight line is analyzed, as shown in Fig. 4, where j denotes the
number of bars between them. The residual parts of the lattices
are not plotted in the ﬁgures.
Similar as the equivalent conditions of the lattice with a single-
bar defect given by Eq. (1), the equivalent conditions of the two de-
fects are given by
Fd ¼ ð1 adÞF 0d; d ¼ 1;2: ð2Þ
The equivalent forces for the lattices with two defects can be
rewritten asFd ¼ ð1þ cdÞfd; ð3Þwhere cd denotes the interaction coefﬁcient of the dth defect; fd de-
notes the analytical solution of equivalent force for the lattice with
a single-bar defect, and they can be given by,
fd ¼ ð1 adÞðf1 þ f sd Þ; ð4Þ
where f1 denotes the axial force of the substitute bar in the equiv-
alent model caused by external forces; f sd denotes the axial force of
the dth substitute bar in the equivalent model caused by the equiv-
alent force fd .
The axial force of the substitute bar in the equivalent model are
given by,
F 0d ¼ f1 þ ð1þ c1Þf sd þ ð1þ c2Þf od ; ð5Þ
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Fig. 5. Axial stress in the stripe of the triangular lattice containing two single-bar-
missing defects under uniaxial stress r11: (a) horizontal bars, (b) inclined bars.
j
(a) (b)
j
(c) (d)
Fig. 4. Lattices with two single-bar defects: (a) triangular lattice; (b) unit cell of the
triangular lattice; (c) Kagome lattice; (d) unit cell of the Kagome. lattice
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equivalent model caused by the equivalent force of the other substi-
tute bar, f3-d, respectively.
Combination of Eq. (1)–(4) gives the interaction coefﬁcients,
cd ¼
f1f od þ f o1 f o2
ðf1Þ2  f o1 f o2
: ð6Þ
For the triangular lattice, the axial forces in Eq. (5) are given by Cui
et al, (2010),
f1 ¼ð3r11r22ÞA
q
; f od ¼
ð3r11r22ÞA
q
ð3
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5
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;
ð7Þ
where q is the relative density of the lattice; r11 and r22 denote the
applied uniform external loading.
Substitute Eq. (7) into (6), we can derive the interaction
coefﬁcients,
ctd ¼
T1T2  T3d
1 T1T2 ; ð8Þ
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For the Kagome lattice, the interaction coefﬁcients can be given
by,
ckd ¼
K1K2  K3d
1 K1K2 ; ð9Þ
where Kd ¼ ð1adÞ
ﬃﬃ
3
p
qð3
ﬃﬃ
3
p
qÞð12
ﬃﬃ
3
p
3 qÞj
3adð3
ﬃﬃ
3
p
qÞþ2q2þ3
ﬃﬃ
3
p
q
.2.2. Veriﬁcation by FE methods
To verify the accuracy of the interaction coefﬁcients, FE
methods are utilized to calculate the stress ﬁelds in the triangu-
lar and Kagome lattice with two single-bar defects. The commer-
cial FE simulations software ABAQUS (version 6.5) is employed
in the simulation. Each lattice is composed of 50 (horizon-
tal)  25 (vertical) unit cells (The unit cells of the triangular lat-
tice and the Kagome lattice are shown in Fig. 4(b) and 4(d),
respectively). Timoshenko beam elements with quadratic inter-
polation functions (element type B22) can provide the accuracy
required of the simulations. The relative density q is 0.1. A ser-
ies of uniform concentrated forces are applied to the nodes on
the boundaries of the lattice to achieve the uniform external
loads. The symmetric constraint is imposed on the symmetric
plane, and a node on this plane is ﬁxed to avoid rigid body
motion.
To verify the theoretical prediction and illustrate the magnitude
of defect interaction, the maximum normal stresses in the cross-
sections of the bars in the stripe derived by FE simulations are
compared with those of the analytical models with and without
interaction coefﬁcients. The results are normalized by the maxi-
mum stress rm in the corresponding perfect lattice subjected to
the same external forces, i.e. r ¼ r=rm, which can be regarded as
the stress concentration factor.
As analyzed by Cui et al (2010), the horizontal bars in both lat-
tices are nearly stress-free under pure shear stress. Therefore, only
axial stress is considered in the following veriﬁcations.
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For the triangular lattice, the interaction of the two single-bar-
missing defects is signiﬁcant only when the defects are placed
close to each other. Thus, the results corresponding to two sin-
gle-bar-missing defects one bar-length (i.e., j = 1) apart from each
other are presented in Fig. 5, where i is the number of the decom-
posed structure in the stripe region, as shown in Fig. 3.
It can be seen that, the predictions for axial stress by the equiv-
alent model without interaction coefﬁcients have substantial
difference with FE calculations, and the introduction of interaction
coefﬁcients greatly reduces this gap. It implies that, the defect
interaction cannot be ignored for the triangular lattice when the
distance between the defects is very short.i
(b) 
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2.5
3.0
 analytical without γ
 analytical with γ
 numerical2.2.2. Veriﬁcation of interaction coefﬁcients for the Kagome lattice
For the Kagome lattice, the interaction of the two single-bar-
missing defects remains signiﬁcant when there is a substantial dis-
tance between the defects. Thus, two single-bar-missing defects
three bar-lengths (i.e., j = 3) apart from each other are discussed
for the Kagome lattice in Fig. 6. It also can be seen that, the intro-
duction of interaction coefﬁcients greatly reduces the substantial
difference between the predictions for axial stress by the equiva-
lent model without interaction coefﬁcients and FE simulations.0 2 4 6 8
1.0
1.5
2.0σ
2.3. Discussion of interaction coefﬁcients
In this section, the effects of the distance between defects, rel-
ative density and defect type on the interaction coefﬁcients are
analyzed for the triangular and Kagome lattice, respectively.
According to the symmetry of the perfect lattice with respect to
the symmetric plane of the two defects, only one interaction coef-
ﬁcient c1 is analyzed. i
Fig. 6. Axial stress in the stripe of the Kagome lattice containing two single-bar-
missing defects under uniaxial stress r22: (a) horizontal bars, (b) inclined bars.
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Fig. 7. The curve of interaction coefﬁcient c1 versus the distance between the
defects j for the triangular lattice.2.3.1. Interaction coefﬁcients for the triangular lattice
For the triangular lattice, the relative density has no obvious ef-
fect on the interaction of defects because of its stretching domi-
nated deformation mechanism. Accordingly, only the distance
between defects, j, and defect type are discussed, as shown in
Fig. 7.
It can be concluded that:
1) For the triangular lattice, the interaction coefﬁcients
decrease rapidly with the increasing distance between the
defects. Assume the interaction of defects is negligible if
the magnitude of interaction coefﬁcient is smaller than
0.01. Two defects can be regarded as independent when
the distance between them is more than four bar-lengths.
This distance is deﬁned as the critical interaction distance
of the defects.
2) The strong defect gives the other defect a positive interac-
tion coefﬁcient, which can be regarded as the strong defect
strengthens the effect of the other one. Reversely, the weak
defect gives the other defect a negative interaction coefﬁ-
cient, which can be regarded as the weak defect weakens
the effect of the other one. It implies that adding appropriate
weak defects can reduce the stress concentration in the
imperfection.
2.3.2. Interaction coefﬁcients for the Kagome lattice
In addition to the same variables as those of the triangular lat-
tice, the relative density q is also considered for the Kagome lattice.
The interaction coefﬁcients are shown in Fig. 8 as a function of dis-
tance between the two defects.It can be concluded that:
1) For the Kagome lattice, the critical interaction distance
between two defects is much greater than that in the trian-
gular lattice. When the relative density is 0.1, the critical
interaction distance is about 36 bar-lengths; when the rela-
tive density increases to 0.2, the critical interaction distance
Fig. 9. The single-layer reinforcement method of the triangular lattice with a
single-joint-missing defect. The dash lines denote the original position of the
missing bars and the bold lines denote the reinforced bars.
F
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Fig. 10. Force analysis for the triangular lattice under an equi-biaxial stress state:
(a) the reinforced part; (b) the corresponding part of perfect lattice. The dash lines
represent the deformed structure.
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Fig. 8. The curve of interaction coefﬁcient c1 versus the distance between the
defects j for the Kagome lattice: (a) a1 = 0; (b) a1 = 3 .
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interaction distance decreases with increasing relative
density for the Kagome lattice.
2) The strong defect strengthens the effect of the other defect,
while the weak defect weakens the effect of the other defect,
no matter which type of defect the other one is.
3. Reinforcement of lattices with defects
Besides inevitable defects, contrived holes would cause severe
stress concentration in lattice materials. Therefore, the reinforce-
ment of lattices with defects or holes is demanded signiﬁcantly
in engineering applications. In this section, the reinforcement of
lattices with either a single-bar-missing or a single-joint-missing
defect is analyzed respectively, and the results are validated by
FE simulations.
Under a biaxial stress state, the maximum stress concentration
factor r in the triangular lattice with single-bar-missing defect is
1.36 (Cui et al. 2010), which is relatively small. Therefore, no rein-
forcement is required.
3.1. Reinforcement of the triangular lattice with a single-joint-missing
defect
For the triangular latticewith a single-joint-missing defect, a sin-
gle-layer reinforcement method is adopted here by strengthening
the six bars around the defect, as shown in Fig. 9. The triangular lat-
tice under an equi-biaxial stress state is analyzed at ﬁrst. Force anal-
ysis is performed for the reinforced part of the lattices, as well as the
corresponding part of the perfect lattice. The sketch of force analysis
is shown in Fig. 10,whereDu andDu
0
denote the displacement of the
reinforced joint and the corresponding one in the perfect lattice,respectively. In order to achieve perfect reinforcement, Du
0
should
be equal to Du. By simple force analysis, Du and Du’ are derived as
Du ¼ Fl
2EA
; Du0 ¼ Fl
EA0
: ð10Þ
where l and E denote the length and Young’s modulus of a perfect
bar, respectively, and A
0
denotes the cross section area of the rein-
forced bar.
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Fig. 11. The simulated stress concentration factors in the reinforced triangular
lattice under equi-biaxial and uniaxial stress.
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Fig. 12. The single-layer reinforcement method of the Kagome lattice with a single-
bar-missing defect: (a) the schematic diagram; (b) the simulated stress concentra-
tion factors under uniaxial stress r11. The dash lines denote the original position of
the missing bars and the bold lines denote the reinforced bars.
Fig. 13. The improved single-layer reinforcement method of the Kagome lattice
with a single-bar-missing defect. The dash lines denote the original position of the
missing bars and the bold lines denote the reinforced bars.
1914 K. Zhu et al. / International Journal of Solids and Structures 49 (2012) 1908–1917A reinforcement coefﬁcient b = A
0
/A is introduced to denote the
degree of the reinforcement. It can be derived from Eq. (9) when
b = 2, the perfect reinforcement condition is satisﬁed.
The stress concentration factors of the reinforced triangular
lattice under different loading conditions are calculated by FE sim-
ulations, as shown in Fig. 11. It can be seen that the minimum
stress concentration factor for the triangular lattice under an
equi-biaxial stress state, which almost equals 1, is achieved when
b = 2. This conclusion agrees well with the theoretical prediction.
The stress concentration factor r has no obvious variation when
the reinforcement coefﬁcient changes under a uniaxial stress state.Therefore, the optimum reinforcement method for a single-joint-
missing defect is to reinforce the bars around the defect to two
times the original cross-sectional area.
3.2. Reinforcement of the Kagome lattice with a single-bar-missing
defect
A single-bar-missing defect in the Kagome lattice only inﬂuence
a long narrow stripe parallel to it (Wicks and Guest, 2004; Cui et al
2010). The single-layer reinforcement method is to strengthen the
inclined bars adjacent to the defect, as shown in Fig. 12a. The
single-layer reinforcement method works well for the triangular
lattice, but unexpected results occur when this method is adopted
for the Kagome lattice. It can be seen from Fig. 12b that stress con-
centration factor r doesn’t drop down, but increases with the rein-
forcement coefﬁcient b, when 1 < b < 2. Although the stress
concentration factor begins to decrease when b > 2, the effect of
reinforcement remains discouraging even when b reaches 4. This
unusual results are induced by the interaction between the defects
(Here the reinforced bars are regarded as strong defects). It implies
that the single-layer reinforcement method is not applicable for
the Kagome lattice, and it is necessary to improve this method or
ﬁnd an alternative one.
The improved single-layer reinforcement method is to strength-
en the inclined bars one bar-length from the defects, as shown in
Fig. 13. Based on the equivalent model developed by Cui et al
(2010), a simpliﬁed model shown in Fig. 14 is employed to analyze
the deformation in the stripe of the lattice structure. The distribu-
tion coefﬁcients of the axial force, shear force and bending moment
of the inclined bars in the reinforced unit are denoted by bN, bQ and
bM, respectively. The distribution coefﬁcient of the axial force in
the ﬁrst unit is denoted by c. Utilizing the balance of forces and
the compatibility of deformation, the shear force, bending moment
and axial force can be expressed by
Q ¼ 
ﬃﬃ
3
p
½ð8b3 q2þ6
ﬃﬃ
3
p
b3 qþ9ÞðbN1Þþ9
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N
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Ql
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where p1 ¼ 18q3  27
ﬃﬃﬃ
3
p
q2 and p2 ¼ 180
ﬃﬃﬃ
3
p
q2 þ 162q 81
ﬃﬃﬃ
3
p
bN .
The distribution coefﬁcients bN and c can be written as
bN ¼ 12
q2q1 þ qq2 þ 1944b3  36
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2q3 þ qq4 þ 2916b6
q
1440b6q2 þ qq5 þ q6
; ð12Þ
(a)
(b)
Fig. 14. (a) Stripe model of the Kagome lattice; (b) force analysis for horizontal and inclined bars.
Table 2
The distribution coefﬁcients of axial force
b 1 2 3 4 5
bN 0.1149 0.4279 0.7098 0.8546 0.9232
c 0.0056 0.0059 0.0069 0.0081 0.0087
1 2 3 4 5
1.5
2.0
2.5
3.0
3.5
4.0
σ
β
 σ11(analytical)
σ11(numerical)
σ22(analytical)
σ22(numerical)
σ11=σ22(analytical)
σ11=σ22(numerical)
Fig. 15. The stress concentration factors in the Kagome lattice reinforced by the
improved single-layer method.
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q1 ¼ 3168b6 þ 780b3
q2 ¼ 1584
ﬃﬃﬃ
3
p
b6 þ 756
ﬃﬃﬃ
3
p
b3 þ 36
ﬃﬃﬃ
3
p
q3 ¼ 48b12 þ 504b9  1401b6  234b3
q4 ¼ 432
ﬃﬃﬃ
3
p
b9  1188
ﬃﬃﬃ
3
p
b6  540
ﬃﬃﬃ
3
p
b3
q5 ¼ 720
ﬃﬃﬃ
3
p
b6 þ 378
ﬃﬃﬃ
3
p
b3
q6 ¼ 1620b3 þ 486
8>>>>><
>>>>>:
;
and
c ¼ 2q2ðb2Nq7 þ bNq8 þ q9Þðb2Nq10 þ bNq11 þ q12Þ1; ð13Þwhere
q7 ¼ 8
ﬃﬃﬃ
3
p
q2 þ 18
ﬃﬃﬃ
3
p
q8 ¼ ð16q3 þ 24
ﬃﬃﬃ
3
p
q2 þ 18qÞb3  32
ﬃﬃﬃ
3
p
q2  36q 9
ﬃﬃﬃ
3
p
q9 ¼ q8  9
ﬃﬃﬃ
3
p
q10 ¼ 16
ﬃﬃﬃ
3
p
q4 þ 72
ﬃﬃﬃ
3
p
q2 þ 81
ﬃﬃﬃ
3
p
q11 ¼ ð32q3 þ 48
ﬃﬃﬃ
3
p
q2  36qþ 72
ﬃﬃﬃ
3
p
Þq2b3
64
ﬃﬃﬃ
3
p
q4  72q3  162
ﬃﬃﬃ
3
p
q2  162q 81
ﬃﬃﬃ
3
p
q12 ¼ q11  18
ﬃﬃﬃ
3
p
q2  81
ﬃﬃﬃ
3
p
8>>>>>>><
>>>>>>>:
:
The typical values of bN and c are given in Table 2, presuming
q ¼ 0:1.
By substituting the distribution coefﬁcients, forces and bending
moment into the equivalent model, the stress concentration factor
can be derived. The analytical results are compared with FE simula-
tions, as shown in Fig. 15. It can be seen that the theoretical predic-
tions agree well with FE simulations, and the stress concentration
can be reduced effectively through this reinforcement method.
The stress concentration factor can be reduced by about 30%, when
the appropriate reinforcement coefﬁcient is adopted.
As mentioned in Section 2, adding a weak defect can also reduce
the stress concentration in the Kagome lattice. Therefore, a hybrid
reinforcement method is proposed, by adding defects and reinforc-
ing bars simultaneously, as shown in Fig. 16a. The stress concen-
tration factor of the Kagome lattice reinforced by the hybrid
method is derived by FE simulations, and the results are shown
in Fig. 16b. It can be seen that the stress concentration factor can
be reduced by about 50% under an equi-biaxial stress state.
In addition to the above two effective reinforcement methods,
an alternative method of changing the local structure is proposed.
The structure around the defect can be altered locally into a trian-
gular lattice by adding bars, as shown in Fig. 17. The stress concen-
tration factors can be reduced to about 1.07, 1.39 and 1.42 under
uniaxial stress r11, uniaxial stress r22 and equi-biaxial stress
respectively, which are the optimum values among the above rein-
forcement methods.
3.3. Reinforcement of the Kagome lattice with a single-joint-missing
defect
For the Kagome lattice with a single-joint-missing defect, two
methods, single-layer and double-layer reinforcement are
(a) 
(b) 
1 2 3 4 5
1.5
2.0
2.5
3.0
 single-layer
 double-layer
β
σ
(c) 
Fig. 18. Two reinforcement methods of the Kagome lattice with a single-joint-
missing defect: (a) single-layer reinforcement; (b) double-layer reinforcement; (c)
the simulated stress concentration factors under uniaxial stress r22. The dash lines
denote the original position of the missing bars and the colored lines denote the
increased bars.Fig. 17. The structural changing reinforcement method of the Kagome lattice with a
single-bar-missing defect. The dash lines denote the original position of the missing
bars and the colored lines denote the increased bars.
(a) 
(b)
1 2 3 4 5
1.2
1.6
2.0
2.4
2.8
3.2
3.6
σ
β
σ11
 σ22
σ11=σ22
Fig. 16. The hybrid reinforcement method of the Kagome lattice with a single-bar-
missing defect: (a) the schematic diagram; (b) the simulated stress concentration
factors. The dash lines denote the original position of the missing bars and the bold
lines denote the reinforced bars.
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two reinforcement methods are compared by FE simulations, and
the corresponding stress concentration factors of the Kagome lat-
tice under uniaxial stress r22 are shown in Fig. 18c. Under uniaxial
stress r11, no obvious stress concentration would be occurred.
Therefore, only the loading condition of uniaxial stress r22 is stud-
ied here. It can be seen that the double-layer reinforcement has
better performance of reducing the stress concentration factors,
and when reinforcement coefﬁcient b = 4, the stress concentration
factor reaches a minimum value r ¼ 1:84, which is about 1/3 less
than that of the unreinforced lattice.4. Conclusions
In this paper, the defect interaction and reinforcement of imper-
fect lattices are studied for the triangular and Kagome lattice. An
equivalent model is developed for the lattices with two defects,
and it is veriﬁed by FE simulations. An interaction coefﬁcient c is
introduced to characterize the interaction of defects. The theoreti-
cal and FE results imply that the strong defect strengthens the ef-
fect of the other one, and the weak defect weakens the effect of the
other one. It suggests that adding appropriate weak defects can re-
duce the stress concentration in the lattices.
K. Zhu et al. / International Journal of Solids and Structures 49 (2012) 1908–1917 1917The critical interaction distance of defects for the triangular lat-
tice is about four bar-lengths, and it is independent of the relative
density. For the Kagome lattice, the critical interaction distance is
much larger than that of the triangular lattice, and it decreases
with the increasing relative density.
A single-bar-missing defect induces negligible stress concentra-
tion in the triangular lattice, thus only the reinforcement of trian-
gular lattice with a single-joint-missing defect is investigated.
Theoretical studies indicate that the single-layer reinforcement
achieves a near-perfect effect on the triangular lattice under an
equi-biaxial stress state. FE simulations verify the result and show
its effectiveness for a uniaxial loading condition.
The single-layer, hybrid and local structural changing reinforce-
ment methods are proposed and studied for the Kagome lattice
with a single-bar-missing defect. It is indicated that the hybrid
and local structural changing methods are more effective in reduc-
ing the stress concentration in the Kagome lattice. For the Kagome
lattice with a single-joint-missing defect, the single-layer and dou-
ble-layer reinforcement methods are investigated. FE simulations
imply that the double-layer reinforcement has better performance
of reducing the stress concentration in the Kagome lattice with a
single-joint-missing defect.
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